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Abstract. A recent result of ours IGMI shows that all Hopf algebra liftings 
of a given diagram in the sense of Andruskiewitsch and Schneider are cocycle 
deformations of each other. Here we develop a 'non-abelian' cohomology 
theory, which gives a method for an explicit description of cocycles relevant 
to the lifting process. 



0. Introduction 

The Nichols algebra B{V) of a crossed fcG-module is a connected braided 
Hopf algebra. In terms of generators and relations it can be described via a 
certain pushout diagram 

K{V) — ^ R{V) 



k — ^ B{V) 

of connected braided Hopf algebras. The Radford biproduct or bosonization 
H{V) — B{V)^kG has a similar presentation in the category of ordinary Hopf 
algebras. A lifting of H{V) is a pointed Hopf algebra H for which gr'^ H = H{V), 
where gr'^ H is the graded Hopd algebra associated with the coradical filtration of 
H. Such liftings are obtained by deforming the multiplication of H{V). In this 
context the lifting problem for V is asking for the characterization and classifica- 
tion of all liftings of H{V). This problem has been solved by Andruskiewitsch and 
Schneider in [AS] for a large class of crossed fcG-modules of finite Cartan type, 
which will carry the attribute 'special' in this paper. This allows, in particular, 
for a classification of all finite dimensional pointed Hopf algebras A for which the 
order of the abelian group of points is not divisible by any prime < 11. In re- 
cent work [GM| we have shown that for any given V in this class all liftings of 
H{V) are cocycle deformations of each other (see also |Mal| . Appendix). This 
is done via a description of the lifted Hopf algebras suitable for the application 
of results by Masuoka about Morita-Takeuchi equivalence [Maj and by Schauen- 
burg about Hopf-Galois extensions [Schj . For some special cases such results had 
been obtained in |Ma[ [Dil IBDRi IGrj . In addition, our results in |GMj show that 
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every lifting of H{V), and therefore the corresponding cocycle, is completely deter- 
mined by a G- invariant algebra map / € A\gQ{K (V) , fc), but without an explicit 
description of the corresponding cocycle in terms of /. 

In the present paper we aim at making this connection between the G-invariant 
algebra map / e A\gQ{K, k) and the corresponding deforming cocycle a : B®B ^ 
k more explicit. For that purpose we first describe a non-abelian equivariant 
cohomology theory for braided Hopf algebras X in the category of crossed H- 
modules and for their bosonizations X^H, where H is an ordinary Hopf algebra. 
The Radford biproduct X^H is an ordinary Hopf algebra and carries the obvious 
_ff-bimodule structure. A pushout diagram of (braided) Hopf algebras as above, in 
which K has a H-mod\i\e coalgebra retraction gives rise to a Meier- Victories type 
5-term exact sequence 

1 ^ Alg^ {B,k)^ A\gH {R,k)^ AlgH (K, k) ^ Hi {B,k)^ Hj, {R, k) 

of pointed sets. In the situation of the lifting problem, when B is the Nichols 
algebra of a crossed A;G-module of special finite Cartan type, then AlgQ{R,k) 
is trivial. If, in addition, K is a. if-bimodule coalgebra retract in R, then the 
connecting map S : AlgQ{K{V),k) — > 'H%{B{V),k) exists and is injective. Then, 
in view of the characterization of liftings in [AS| IGM| , the cocycles obtained via 
the connecting map account for all liftings of B{V)4fkG. 

The 5-term sequence for equivariant Hochschild cohomology 

^ BeTHiB, fc)^ Deri/(i?, fc)^DerH(if, k)-^Hjj{B, k)^Hjj{R, k) 

has been established in [GMj and is an exact sequence of vector spaces. Here 
it suffices that K is a. if-bimodule retract in i?, which in the liftings situation 
is always the case. The question about the relationship between Hochschild co- 
homology and non-abelian cohomology naturally arises in this context. In the 
cocommutative case there are Sweedler's results. For quantum linear spaces, i.e: 
for diagrams of type x x . . . x ^i, there is an exponential relationship be- 
tween Hochschild cocycles and those 'multiplicative' cocycles which depend on the 
root vector parameters alone |GM] . Here we present some more general results on 
this topic involving linking as well. This includes an approach to quantum planes 
quite different from that of [ABMj . Section 5. In the last section we also develop 
a program for the connected case, and apply it to diagrams of type A2- Results 
for type A^, n > 2, and for type B2 will be part of a forthcoming paper. 

The notation in the paper as in [CM] is pretty much standard; m : A® A 
denotes multiplication, A : G ® G ^ G comultiplication, s : H ^ H the antipode, 
and * : Hom(G, A) (g) Hom(G, A) Hom(G, A) the convolution multiplication 
f * f — m{f (g) /')A. We use Sweedler's notation in the form A(c) = ci 18) C2 etc., 
and also A^") = (1 ® A("-i))A for n > I with A(°) = 1. The notaion used for 
coactions of a Hopf algebra S : X H ^ X is S{x) — X-i (g) xq. 
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1. A NON-ABELIAN COHOMOLOGY 

Every lifting of the bosonisation A — B^kG of the Nichols algebra _B of a finite 
dimensional special crossed G-module V is determined by a G-invariant algebra 
map / Gg Algg.(iir#fcG, fc), and it is also a cocycle deformation of A. The 
G-invariant 'multiplicative' cocycle a : A^ A ^ k must therefore be completely 
determined by the G-invariant algebra map f : K k. In the examples presented 
in |GMj Section 3 the relation between the two entities is given explicitly. In 
this paper non-abelian cohomology will serve to clarify this relationship for some 
special diagrams of finite Cartan type. 

1.1. The 'multiplicative' cohomology. The non-abelian equivariant cohomol- 
ogy of a braided Hopf algebra in the category of crossed 7f-modules X or its 
bosonization, which is an ordinary Hopf algebra, is defined via the cosimplicial 
group complex of regular elements 

8° a° 
RegH{k,k) Ir Regff(X,fc) -r RegHiX^k) -J Regj, (X^k) 

in the standard cosimplicial algebra complex 

a° s° 

llomH{k,k) -7 RomH{X,k) -7 Hom//(X2,fc) -7 Hom^ {X'^,k), 



where X"^ denotes the i-th tensor power of X, and where 

( e®f ifi = 

97 =< /(I'^i ® m® l"-'-i) ii{)<i<n 
y f ® £ ifi==n 

are the standard cofaces. 

The first equivariant 'non-abelian' cohomology of X with coefficients in k is 
given by 

'H]j{X, k) = Z\j{X, k) = {Je Reg^(X, k)\d^f = d^f * d°f} - Alg^(X, k) 

which is a group under the convolution multiplication. A 1-cocycle is therefore an 
element / G Reg^(A", k) such that fm = (/ ® e) * O /) = mk{f O /), that is an 
algebra map. For the second cohomology define the set of 'non-abelian' 2-cocycles 

by 

Z'jj{X,k) = {(7 e RegH{X'^,k)\d^a *d'^(j = 9V * aV, cr(t ® 1) = e = 

which means that a G Reg^(Ar^,A;) is a cocycle if and only if the 'multiplicative' 
2-cocycle conditions 

(e (8> cr) * cr(l ® m) — {<7 ® e) * a{m ® 1) , ®1) — e — ct(1 ® i) 
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are satisfied, in particular a{yi (E) zi)a{x 2/222) = <j{xi (g) yi)(j{x2y2 ® z) in the 
ordinary case and a{yi®{y2)-iZi)a{x®{y2)oZ2) = cr{xi ix2)-iyi)cT{{x2)oy2'Si z) 
in the braided case. Define a relation on Reg^(X^, k) by declaring cr ~ cr' if and 
only if (t' = d^x * d'^X * cr * d^X~^ for some x & R'eg^(X, k). 

Lemma 1.1. The relation ~ just defined on Regfj{X'^,k) is an equivalence 
relation, which restricts to Zjj{X,k). The second "non-abelian" cohomology 
'H\j{X, k) = Z'jj{X, k) / ^ is a pointed set with distinguished element class{e(E)£) = 
im{d : Regjj(X,fc) RegjjiX ® X,k)), where df = d° f f * f'^ . Moreover, 
there is a natural isomorphism 'H\j{X, k) = H\j{X^H, k) and a natural injection 
T-L\j{X, k) T-Cjj^X^H, k) for braided Hopf algebras X in the category of crossed 
H -modules and their bosonisations Y = X#iJ. 

Proof. First wc will show that it is sufficient to prove the assertions for ordinary 
Hopf algebras. If X is a Hopf algebra in the category of crossed if-modules then 
Y = X^H is an ordinary Hopf algebra. The linear map 

defined inductively by ijji{xh) = xe{h) and '>pn{xh ® y) = x (8) hipn-iy is a H- 
bimodule map (diagonal left and trivial right ff -action on X"), which has linear 
right inverse '■ X" given by 0i(a;) = xl and (pnix (8> y) = a;l (pn-iV- It 

factors through F^") = Y eg)// Y ®/f . . . ®/f Y to give a left iJ-modulc isomorphism 
(S,h k ^ X". Induction on n shows that it is also compatible with the 
'coalgebra structures' in that Ax^ipn = (V'n ® and eipn = £■ The induced 

injective algebra map 

V^" : HomH(X", k) HomH(y", k) 

is then given by V"!/) = /V'n, that is ip"{f){xh ® y) = fix ® hipn-iy) or 
i)"-f{x^h^ a;2/i2 . . . (g) a;"c/") = f{x^ (g) hlx'^ ® . . . ® hi_-^hl_2 • • • /i"-^a;"). It is 
an algebra map, since it preserves the convolution multiplication, 

* /') = (/ * f')i^n = (/ /')Axn Vn = (/ ® mn ® V'n)Ayn 

= ifi^n ® /v„)Arn = rif) * r{f') 

and the convolution identity, V^Ce) = eV'n = £• It therefore automatically restricts 
to an injective group homomorphism 

V":RegH(X",fc)^RegH(F",fc) 

between the groups of regular elements. This leads to a injective homomorphism 
of the standard cosimplicial groups 
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Reg^(fc,fc) ^ RegHiX,k) J Reg^(X2,fc) J Reg^,(X3,fc) 

II iV'' iV'^ ^ iV-^ 

aO a" 

RegH{k,k) Ir RegHiY,k) ,r RegHiY^k) -£ RegHiY\k) 

~^ 83 

compatible with the standard cofaces 

C £(8)/ ifi = 

97 =i /(P-I (g) m (g) ifO<z<n 

[ / (g) e if i = n 

in which is an isomorphism. It then suffices to prove the first assertion for the 
ordinary Hopf algebra Y = X^H. 

First observe that if / G ReguiY, k) then df = d^f * d'^f * d^f~^ is a 2-cocycle: 

((£ (g) a/) * df{l (g m)) (a; (g y (g 
= (g zi)df{x (g 2/2Z2) 

= f{Zl)f{yi)f~^{y2Z2)f{y3Z3)f{xi)f~'^{X2yiZ4) 

= f{xi)f{yi)f{z,)f-\x2y2Z2) 

= f{yi)f{xi)f~^{x2y2).f(zi)f{x3y3)f~^{x4y4Z2) 

= d f {xi ® yi)d f {x2y2 ® z) 

= {dfi^e)*df{mi^l){x®yi^z) 

Now we show that ~ is an equivalence relation even on Reg jjiY, k), and that it 

restricts to Zjj{Y, k). 

Reflexivity, cr ~ a of the relation ~ obviously holds with x = £• 

To check symmetry, observe that a' = d^x * ^^X * o' * d^X~^ ^ov some x G 

Reg^(F, k) impHes that a = d'^x~^ * 9'^X~^ * a' * d^x since (9'x)~^ = d^X~^ and 

d'^X * d°x = d°X * d'^X- 

For transitivity suppose that in addition a" = d^tjj * d'^tjj * a' * d^ip~^ for some 
ip e Regjj(y,fc). Then 

a" = d"xp*d'^ip*d^x*d'^X*o-*d\-^ *d^'ip-'^ 
= d'^{ip * x) * ^^(V' * x) * * d^^ij) * x)~^ 

since d'^'tp * d^x = d^X * a-nd the 9* arc group homomorphisms. 

To show that the equivalence relation ~ restricts to Z'jj {Y, k) it suffices to show 
that if cr e ^|r(y, k) and x G RegH(y, k) then cr' = a°x * a^x * * 9^X"^ is a 
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CO cycle as well: 

(a°cr' * d^a'){x (E) y (E) z) ^ a' {yi (g) zi)a{x (g) 2/222) 

= X{xi)x{yi)x{zi)(r{y2 O Z2)a{x2 (81 ?/3^3)x~^ (2:32/4^4) 

= Xixi)x{yi)x{zi)(j{x2 y2)cr{x3y3 ® Z2)x"^ (2:42/423) 

= x(2/i)x(a;i)cr(x2 (8) y2)x~^(a;3y3)x(2i)x(a;4y4)o-(a;52/5 «) 22)x~^(a;6y6-23) 

= cT'(a;i (8> yi)(7'{x2y2 (S) z) = {d^a' * d^a'){x ®y®z) 

and 

a'{x (8) 1) = x(xi)(t(x2 ® l)x~^{x3) = e(a;) = x(xi)a(l (g) X2)x""^(x3) = (t'(1 (g) x). 

This proves the assertions for the bosonisation Y = X^H. For the braided Hopf 
algebra X they are now a consequence of the properties of the diagram above. It 
follows that 

Aig^(x, k) = n\i{x, k) ^ n]i{Y, k) = Aig^(r, k) 

since is an isomorphism and is injective. Since, in addition, xj}'^ is in- 
jective as well it follows that a S Regjif(X^,fc) is a 2-cocycle if and only if 
^^CT G KegjjiY'k) is a cocycle. In particular, if / G Kcg^{X,k) then df = 
9°/ * 9^/ * d^f~^ G Z^{X, k). Moreover, the following argument shows that the 
induced map ?ijf{X,k) H^{Y,K) is injective. Suppose that a, a' G Z'^[X,k) 
are such that ijj^cr ^ ij^'^a' in Z'^iY, k). This means that 

for some G Regjj(X, k), and hence a' = * 9^0 * a * where we used 

the fact that is an isomophism and V'^ is an injective algebra map. □ 

Our aim here is to describe cocycle deformations of the bosonizations Y = X^^H 

of braided Hopf algebras X in the category of crossed i?-modules. The following 
calculation shows that equivalent cocycles lead to isomorphic deformations. 

Proposition 1.2. Let Y = X^H be the bosonization of a braided Hopf algebra 
X in the category of crossed H-modules. If a, a' £ Zfj{Y,k) are in the same 

cohom,ology class then the cocycle deformations Y^ and, Y^i are isomorphic. 

Proof. Suppose that a' = d^x*9^X*'^*9^X~^ for some x G Regj:^(X, A;). It suffices 
to show that the equivariant coalgebra automorphism ■!/) = x~^*l*x-^~*^is 
actually also an algebra map ip -.Y^ ^Y^i. And it is, since 

nia'iipx (g) tjjy) = x~^{xi)x~^{yi)m^'{x2 ® 2/2)x(a;3)x(y3) 
= X^^{xi)x^^{yi)(^'{x2 ® y2)x3y3cr'^ {xa ® yA)x{xb)x{yh) 
= a{xi ®yi)x~^{x2y2)x3y3x{xAyA)<J~^{x^®yb) 
= a(xi g>yi)ip{x2y2)o-~^{x3 giys) 
= ipniaix^y) 
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implies that V'Wct' = Wcr(V' <8 V')- ^ 

2. A 5-TERM SEQUENCE IN 'NON-ABELIAN' COHOMOLOGY 

A commutative 'pushout' square of (braided) Hopf algebras in the introduction 
and its bosonisation can help to get an explicit description of the deforming cocy- 
cles a on B and of the corresponding cocyclcs on the bosonization A = B^H in 
terms of the i?-invariant algebra maps / e A\gfj{K, k), , Such squares of (braided) 
Hopf algebras 





K 


— !^ R 




K#H 








■1 


'1 




£#l| 7r#l| 






k 


B 




H 


BH^H 




induce a square of cosimplicial groups 


















RegHiB^k) 


90 


RegH{B\k) 




81* 


RegH{B,k) ; 


,7 


82* 
83* 








s° 




8" 


i (tt^)* 


RegH{k,k) 




RegH{R,k) ; 




RegH(i^^fc) 


8l 
8? 
83* 


RegH{R\k) 






in* 


ao 




8° 


i («')* 


RegH{k,k) 


a" 


RegHiK,k) - 


52* 


RegH{K\k) 


8l 
8? 


Reg^(K3,fc) 



83 



where the trivial part has been omitted, and a similar square for the bosonisation. 
The natural injective group homomorphism tp : Reg j^{X,k) Reg jj{X^H,k) 
induces a natural map between these squares. Here is a 5-tcrm sequence for non- 
abelian cohomology in case k : K R has a if-bimodule coalgebra retraction 
u:R^K. 

Theorem 2.1. If kK R has a K-bimodule coalgebra retraction then there is 
an exact sequences of pointed sets 

1 ^ Alg^(S, k)^ Alg^(i?, fc)X Alg„{K, k)^nl{B, k)^nl{R, k) 

and an injective map induced by the cosimplicial group homomorphism tf)* into 
a similar exact sequence involving the hosonisations. The connecting map 5 : 
Alg^(A', fc) T-LQ{B,k) does not depend on the particular choice of the K- 
bimodule coalgebra retraction u: R^ K. 
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Proof. It is clear that tt* : A\gjj{B,k) — > Algj^{R,k) is injective and that 
K*TT* — (ttk)* = (te)* — s*L* is the trivial map. Moreover, if = e for 

/ G Alg^(i?, fc) then, by the pushout property, there is a unique /' G Alg^(i3, k) 
such that 7r*(/') = /. To construct 5 : Algfj{K, k) — > TL^jiB, k) observe first that 

Alg^(if,fc) = Z\j{K,k)=n]j{K,k) = {f ^RegH{K,k)\d^f^d^f*d''f} 
= {/ e Reg^(if, * d^f * 91/5 = e ® e}. 

The existence of a i/-invariant X-module coalgebra retraction u : R ^ K ior 
the injection k : K ^ R implies that, for every / S Alg^(i4r, fc), the map fu £ 
Hom//(_R, fc) is convolution invertible with inverse fsu. Then by Lemma 11.11 the 
map 

an = du*f = * d^fu * d^fsu : R(x)R^k 

is a convolution invertible 2-cocycle with inverse cr^^ — fu * fsu * fsu, in 
particular aji{x®y) — f u{xi) fu{yi) f su{x2y2) ■ It satisfies the 2-cocycle conditions 

o'i?(l €5 1) = £ = aR{L (g) 1)) , (e ® ct/;,) * ct_r,(1 ^ m) = (0-7?, e) * (jRirn ® 1). 

Now (k ® k)*(9*u* = = (9* for i = 0, 1, 2, so that (k ® K)*dfu = df = £®e, 

since / : if — > is an algebra map. Moreover, because u is a 7J-invariant K- 
bimodule coalgebra map and f : K ~* k is a, H-invariant algebra map it follows 
that {fu ® l)c = [fu ® 1)t and fniK = / ® /, so that 

du*f = [e® fu® fu®e® fsu'm){lS.Rt!i,R®l®l)^R®R 

= {{fu ® fu)c ® fum)AB,t^R = {fu ® fu® fsum)l\R^R 

= {fu® fu® fsum){l® c®1){Ar® Ar) 

= {fu® fu® fsum){l®T ®1){Ar® Ar) 

and dfu{xr ® r') ~ e{x)dfu{r ® r') = dfu{r ® r'x) for all x € K and r, r' G R, 
which says that dfu : i? i? — > fc is a if-bimodule map. This means in particular 
that 

du*f{K+R ®R + R® RK+) ^ 

and hence that the cocycle aR^ — du* f : R® R ^ k factors uniquely through 
tt®tt: R®R^B®B, i.e: there exists a unique a : B ® B ^ k such that 
(tt ® ■k)*<7 ~ du* f . Since it : R ^ B is a surjective Hopf algebra map, this 
a : B ® B ^ k \s a 2-cocycle as well. So define 

5:klgH{K,k)^Zl{B,k) 

by 5{f) = a. 

Exactness at Algfj{K,k): If / £ Alg^(_?i', fc) and 5f = dx for some x e 
Regfj{B, k) then dfu = (tt ® 7r)*9x = d-K*x and g = tt*x^^ * fu G Regfj{R, k) 
and K* g — k*{x^^tt * fu) ~ x^^ttk * fnu — x^^'-s *f — £*f — f- It remains to 
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show that g G Algj:^(i?, k). But dg = e® e, since 

dg = d°g * d^g * d^g'^ 

= 9°(x~^7r * fu)) * c?^(x~'^7r * fu) * d^{fsu * X"") 

= 3°x~^7'' * Q^/u * d^x~^'^ * ^^/w * d^fsu * S^X"" 

= f^°X^^^ * f^^X^^^ * 5"/^^' * d^fu * d^fsu * d^x'^ 

= d'^x^^''^ * d^X.^^''^ * dfu * d^x^ 

= d'^x~^^ * d^X~^^ * dxT^ * d^X''^ 

as d°f'*d^f" = (/'®/")c = = r®/' = for /' e Rcg^li?, k), 

so that fif is an algebra map. 

Conversely, if / e Alg^(i?, k) then k*/ € Algjj(i(', A;), dfKU e Zjj{R, k), 6fK e 
Z%{B,k) and (tt 7r)*(5K*(/) = dfKU. Moreover, 

{fKU*fs){rK{x)) = fKu{ri{r2)-iK{xi))fs{{r2)oK{x2)) 

= fKu{ri)fK{{r2)-lXi)fs{{r2)oKX2) 

= fKu{ri)fK{xi)fsK{x2)fs{r2) 
= £{x){fKU*fs){r) 

for r £ R and a; G -ft', in particular {f nu* f s){RK^) = 0. Hence, there is a unique 
X € Regjj(i?,A;) such that fhiu * fs = xti", and observe that x is convolution 
invertible since {fnu * fs)~^{RK~^) = (/ * fsKu){RK~^) = as well. This implies 
that fnu = x^ * / and 

= 9(x7r * /) = 9°(x7r * /) *a^(x7r * /) * a^(X7r* /)"^ 
= a°X7r * d"f * a^TT * a^/ * d\fs * d\-^Tr 
= d°xT^*d^xT^*d"f*d^f*d^fs*d^x~^'^ 
= tJ^xi" * "^^X"" * df * d^x~^'^ 
= dxTT, 

so that (tt (g) nySfn = dfnu = d-K*x = (tt (g) 7r)*9x and 5k*/ = = dx, which 

is equvalcnt to e ® £ under the equivalence relation on Zj^{B, k). 

Exactness at H\{B,k): If f € A\gjj{K,k) then (tt ® 7r)*(5/ = dfu, which is 
equivalent to e (g) £ in Z%{R, k). 

Conversely, if cr G Z'jj{B,k) and (tt ® 7r)*(T = 9/ for some / G Reg^(i?, fc) 
then 5k*/ = (k (g) k;)*5/ = (ttk (g) 7rK)*(7 = £ (g £, so that k*/ = /k G Algj:^(i4r, /c), 
a/ KM G Z'^{R, k) and ^(/k) G Z%{B, k). It suffices to prove that Sfn is equivalent 
to a in /c). Now, since df{RK+ •Si R + R'^S) RK+) = it follows that a/(r(g 

=£(3;)5/(r(gl)+5/(r(g(K(a;)-£(a;))) = £(a;)9/(r (g 1) = {e® £){r ® k,{x)), 
which implies that 

f{rK{x)) = d^f{r k{x)) = d^f * d°f{r (g k{x)) = f{r)fK{x) 
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for all r e -R and x G K. Then {fnsu * f){RK+) = 0, since 

{f * fKsu){rK{x)) = f{ri{r2)-iK{xi))f{Ksu{r2)oK{x2)) 

= f{ri)f{{r2)-lK{Xi))fKS{X2)fKSu{{r2)o) 
= f{ri)fK{xi)fKs{X2)fKSu{r2) 

= e{x){f * fKsu){r), 

and hence there is a unique % G Regjj(-B,fc) such that / * fnsu = 7r*x, that is 
/ = X"" * /km- Then 

(7r0 7r)*(T = d f = d'^ [xi^ * f Ku) * d"^ {x-K * f Ku)d^ {xT^ * f K,u)~^ 

= S^x"" * d'^X^ * d'^fnu * d^fnu * d^fKSU * d^x~^''^ 

= d^xT^ * d^XT^ * 9f K.U* d'^x ^^T^ 

= {TT(g,Tr)*{d°x*d'^x*SfK*d\-'^), 

since d'^fnu * d^x'^ = c^^X"" * fnu, and thus 

CT = a°x * 9^X * (^/k * 5^x~\ 

so that (7 is equivalent to Sfn in Z%{B,k). The remaining assertions are now 
obvious. 

Similar and somewhat simpler arguments lead to an exact sequence of pointed 
sets 

H]j{B#H, k) ~ n]j{R#H, k) ^ nlj{K#H, k) ^ nl{B#H, k) ^ n]j{R#H, k) 

for the bosonisations, and the map V* of cosimplicial groups induces an injective 

map between the two sequences. As an alternative, given the exact sequence for 
the bosonisations and the map ip* the sequence for the braided square also follows 
directly. 

It remains to show that any two ^fC-bimodule coalgebra retractions u,u' : K 
R lead to the same connecting map S : Algjf {K,k) — > '}-L\j{B,k). Observe that 
kerTT = K+R + RK+. For / e Algfj{K,k) let a,a' e Z%{B,k) be such that 
(tt ® TT)*a = dfu and (tt 7r)*cr' = dfu'. If a; e K+ and r G R then A{xr) = 
xi{x2)-irr <8) (x2)o»'2 and 

fu'*fsu{xr) = fu'{xi{x2)^iri)fsu{{x2)or2) 

= f{xi).f{(x2)-iu{ri))fs{{x2)o)fsu{r2) 
= £{x)fu'{ri)fsu{r2) = 

and a similar argument shows that fu' * fsu{rx) = 0, so that x = fi^' * fsu € 
Regjj(S,fc). Moreover, since the faces : Regjj(i?, fc) — > 'Regjj{R ^ R,k) are 
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group homomorphisms and since 9"/' * 9^/" = 9^/" * d^f it follows that 

1{tt (g) Tr)*{d"x *d^x*<^* d\^^) 

= d'^lfu' * fsu) * d^{fu' * fsu) * dfu * d^{fu' * fsu) 
= d"fu' *d^fu' *d^fsu' = {TT^TT)*a'. 

But (tt tt)* : RegjLf (i? ® B, fc)toReg^(i? ® i?, fc) is injective, so that d'^x * d^X * 
a * d^x^^ = o"'; which means that a and a' are in the same cohomology class. □ 

Remark. For Hochschild cohomology, which in some cases can be viewed as 
the infinitesimal part of the 'multiplicative' cohomology, such a sequence (now of 
vector spaces) also exists |GMj . The proofs are similar but somewhat simpler in 
that case, and the requirement that the retraction u : i? ^ X be a coalgebra map 
is not needed. 

3. Applications to the lifting process 

Every lifting of a given diagram of special finite Cartan type is by [GMj a 
cocycle deformation of the bosonisation B{V)^kG of the Nichols algebra B{V) 
and is completely determined by a G-invariant algebra map / : K(V) k. In 
the presence of a i4r(y)-module coalgebra retraction u : R{V) K{V) for the 
injection k : K{V) the deforming cocycle can be determined via the 

connecting map 6 : AlgQ{K, k) Hq{R, k) described in the last section. Observe 
that in our case, A\gQ{B,k) = A\gQ{R,k) = {e}, and that i5 is injective. The 
simple root vectors Xa, where a G is a simple root, generate R as an algebra. 
Moreover, f{xa) = figxa) = Xa{g)fixa) for every g e G and / e Alg(3(i?, k). It 
follows that A\gQ{R, k) — {e}, since = Xa{ga) is a non-trivial root of unity for 
every simple root a. 

By [GM] Theorem 2.2 ([SS], Theorem 2.6) it follows that the map i9 : R ^ 
B®K, given by t?(a;"z" ) = a;°(g)z° , is a X-module isomorphism. The A'-bimodule 
retraction 

{£®l)i) : R^ K 

for the injection k : K ^ R has kernel B^ R and is a A-bimodule map. 

3.1. Type Ai. In this case the retraction u : R ^ K \s a, A-module coalgebra 
map, since the obvious injection v : B R is a coalgebra map, so that B^ R is a 
coideal in R. The injective map 

S:Alga{K,k)^nUB,k) 

is given hy a = Sf = {fu® fu) * fsum{v®v) = fsum{v®v), that is (j{x^ ®x^) = 
fsu{x^~^^) and a~^{x^ (g) x^) = fu{x^^^) for < i,j < N. Using 

A{x"' a;") ( ™ j ( " j x'g"'-' x^ g""-^ ® x™"* ® a;""^' 

0<i<m;0<j<n ^ * ^ 9 ^-^^ 9 
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and the identity 



of IKal it follows that 



( a;™+", ifm + n<iV 

m„(x )-]^ fg(^^)^m+n-N^^^gN^^ ifm + n>N 

3.2. Quantum planes. The general quantum plane V = kxi © kx2 has G- 
coaction S{xi) = gi ® Xi and G-action gxi — Xi{9)^ij where Xi(32)X2(5i) = 1 
and q = Xi(3i) is a primitive root of unity of order N. Moreover, xf^ — e ~ X1X2, 
so that Xiidi) — Q and X2{9i) — Q^^- In the free Hopf algebra k < xi,X2 > the 
relation X2X1 = qxiX2 + Z21, where Z21 = [x2,xi] = X2X1 — 9x1X2, can be used to 
construct a PBW-basis. The following Lemma, which will also be used later, is 
helpful in this connection. 

Lemma 3.1. For a quantum plane with linkable vertices, i.e: with X1X2 = e? the 
relations 

x^x^ = J2 g(™-'')("-'-V!, xr'^x^-'-z2\ + p™„ 



- r / \r 

r=0 ^ ^ q ^ 



hold in k < xi,X2 >, where I = min{m, n} and Pmn is an element in the ideal 
generated by [xi,Z2i] and [x2,Z2i]. 

Proof. Since the vertices are linkable, we have Z2ia^i = XiZ2i — [xi,Z2i]. It follows 
by induction on m that 

m— 1 

X^xi = q'^xix^ + mqX^-^Z2i - ^ q'x^~^-'[xl, Z21] 

1=1 



where [^2, 2:21] = X]fe=i [2^2, Z2i]x2 , and then, if m > n, by induction on n 
^2^1 - E '7^'""'^^^""'^^!, h) f'') x^^x^'^^zl,, + p,„„, 



where = p„„xi + E"=o '/^""''^^""^^^i^O.O, W^'^^^^'^Ia^i, 4i] + 

P{m-r)iZ2i) and Pmi = X]I=i ^ 9*^™ ' [^2 ; ^2i] • Here we used the identities 
( ) ("-'■+1). ^ andf") 

Vr— 1/ rg \r/q \r / q ^ Vr— 1/g V r /g 

On the other hand, by induction on n we get 



X2X 



= q'^x1x2+nqx'l ^Z2i-^{n-i)qx'l ' ^[xi,Z2i]xi ^ 
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and then, if m < n, by induction on m 





The elements xf — zi and [x2,xi] — z^x are primitive in fc < xi,X2 >, and so 
are [xi,Z2], [2^2,^1] and [zi,Z2i] for i ~ 1,2. The ideal generated by the elements 
[xi,Z2], [x2,2;i], [zi,Z2i] and [22,2:21] in the braided Hopf algebra A: < xi,X2 > is 
therefore a Hopf ideal, so that 



is a Hopf algebra in the category of crossed /cG-modules. It follows from the 
Lemma above that [22,21] — 2221 — 2122 — 0. Thus, if K is the Hopf subalgebra 
of R generated by 21, 22 and 221, then K = k[zi, 22, 221] as an algebra, and 



is a pushout square of braided Hopf algebras, where B = k < Xx,X2> /(21, 22, 221) 
is the Nichols algebra of the quantum plane. By the Lemma above R = {B®K)Q>J 
as a vector space, where J is the ideal in R generated by [xi,22i] and [^2,221], 
which is not a Hopf ideal. 

Proposition 3.2. For the quantum plane the injection k : K ^ R has a K- 

himodule coalgehra retraction u : R ^ K defined by u{x°'z^ + J) = e{x"')z^ . 

Proof. It is clear that the lineaer map u : R ^ K defined by u{x°'z^ ~\- J) — e{x°')z^ 
satisfies uk, = Ik- It is a ii'-bimodule map, since in R we have [xi, Zj] — and 
[xi, 221] G J. It is also a coalgebra map, since its kernel kerw = (g) K) © J is 
a coideal. □ 

Theorem 12.11 is therefore applicable and, since A\gQ{R,k) — {e}, it follows 
that the connecting map S : A\gQ{K, k) — > TlQ{B,k) is injective (see proof of 
Proposition 13. 7p . It is determined by (tt ® 7r)*(5/ = d{fu) = {fu (8) fu) * fsuniu 
and, since the obvious injection v : B R is a coalgebra map, we see that 



R^ k < xi,X2 > /([xi,22], [a;2,2i], [21,221], [22,221]) 



K 



R 



e 



k 



^ B 



aix" (g) x'') = d{fu){x'' (E) x'') = /su(x"x^) 
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for < ai,bi < N, where the cocycle a — d{fu){v ® v) represents the cohomology 
class Sf G T-Cq{B, k). In particular, in view of the definition of u and Lemma |3.1[ 



a{x, ® j - I j,(^n ) , if ^ = 2 > J = 1 

for < m, n < A^. Here is the connection to Hochschild cohomology, a result 
which is also applicable in a more general context. Recall first that by |GM] there 
is a Kunneth type isomorphism in equivariant Hochschild cohomology 

H^iB, k) ^ Hl{B^,k) © Hl{B2, k) © {H\Bi,k) ® H\B2, k))G, 

where Bi — k[xi\/{xf) are Nichols algebras of quantum lines and H^{Bi,k) = 
Der(J5i,A:) = Hom(S+/(B+)2, fc). This means that every C G Hl{B,k) has a 
unique decomposition of the form C = Ci + C2 + C21 ■ The following result has also 
been obtained recently with somewhat different methods in [ABM], section 5. 

Theorem 3.3. For any quantum plane the diagram 

BeTGiK,k) H^aiB^k) 

Exp, 

A\gG{K,k) nl;{B,k) 

commutes if exp(d) = e'' and Exp^(C) = e^^ * e^^ * e^^^, where e'^ = X)n>o ^ 
and exp^(^) = e| = X]n>o nT convolution exponential and q- exponential, 

respectively. 

Proof. It is clear that exp : DeiciK, k) — > A\gG{K,k), given by the convolution 
power series exp((i) — e"^ — X]n>o ^-"^ isomorphism of abelian groups, since 

the Hopf algebra K — k[zi, Z2, Z21] is a polynomial algebra. By [ GMj there is a 
Kunneth type isomorphism in equivariant Hochschild cohomology 

H^iB, k) = Hl{B^,k) © Hl{B2, k) © {H\Buk) ® H\B2, fc))G, 

where Bi ~ k[xi]/{xf ) are Nichols algebras of quantum lines and H^{Bi,k) = 
I)eT{Bi,k) = Hom(i3+/(i3+)^, /c). The connecting map ShocIi '■ DerG(if, fc) — > 
HQ{B,k) is an isomorphism, since Der(5(i?, fc) = and simce dim Der^ (if, fc) = 
3 = dim 77^(5, A:). The connecting map S : AlgQ^K, k) Ti.Q{B,k) is injec- 
tive, as mentioned above, since AlgQ{R,k) — {e}. Moreover, every element 
d € DevciK, k) has a unique expression of the form d = di + d2 + ^21, every 
/ S AlgQ^K, k) is uniquely of the form /i * /2 * /21, where the notation is self 
explanatory, and e'* = e'^^ * e'*^ * e'^^^ . For a general f ~ fi* J2* f-ii G A\gQ{K, k) 
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one obtains the formula 



9 



where Sf = Sfi * 6/2 * 6/21 also follows directly from the fact that the cofaces 
9' : Regfj(i?, fc) — *■ RegQ{R (g) R,k) are algebra maps and that d{fu){v v) = 
d^{fu)(v ® v). This formula shows in particular that 

5e'^'{x'{x'^ ®x'lx^2) - 5'^5odis{zi) 
Se'^^ixlx"^ ®x'^x^2) = S^SJ^d2s{z2) 

On the other hand, drawing on Lemma |3. II again, for d = ^1,^2, d2i compute 



a^Hoahd _ ^dsum _ \^ 



(dsumY 



« ^ tin 

by evaluating the convolution powers {dsunif(x\x^ x'1x\) for t > to get 
(disum)*(xJa;™Cg)a;5*4) = (5^5^^^5^+"dis(zi) 
{d2sum)\x\x'^ ® x'lx^2) = 515151^5'^+^ d2s{z2) 
{d2isumY{x\x^®x'lx'2) = 5'^5\,5::5i{n\f{d2is{z2i)T 
and therefore e^^"""^'^ = 5e'^ for the specified derivations. This means that the map 
Exp, : Hl{B, k) ^ nl{B, k) is given by Exp,(C) = * * e\-K □ 

Remark: Observe that in general 5fi and 5f2 do not commute with (5/2i, since 
for example 5f2 * Sf2i {xl (g) xix^^^) = q-^{l + q)f2 (22)721 (221) and 5/21 * <5^^(x|(g) 
xiX2~^) = (l + '7)/2i(22i)/2(22), SO that in general Expq{() ^ (see also [ABMj ). 
But, if C21 — 0, that is /21 = e, then Expg(C) = e^, since 6/2 * 5fi — 5 fx * 5/2, a 
result already obtained in [GM| . 

3.3. Linking. Let V — kxi © . . . ® kxg be any special diagram of finite Cartan 
type, and suppose that i < j is a linkable pair, i.e: XiXj = Then i and j are 
in different components of the Dynkin diagram, and they are not linkable to any 
other vertices. Let B = TV /I be the Nichols albebra of V , where I is the ideal 
generated by the usual set S. If Sij = S\{zji}^ where Zji — [xj, Xi], then the ideal 
lij in TV generated by 5^ is still a Hopf ideal and Rij — TV/Iij is a braided Hopf 
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algebra. The kernel of the canonical projection tt : Rij B is the ideal generated 
by Zji, which is a Hopf ideal, since zji is primitive. If Kij is the Hopf subalgebra 
of Rij generated by Zji then 





K 


. R,, 


e 






-1 


k ' 


L 





is a pushout square. Moreover, as a vector space Rij = (B (g) Kij) © Jij, where Jij 
is the ideal generated by the set {[xk, Zji]\l < k < 9}, which is not a Hopf ideal. 

Proposition 3.4. For any special diagram of finite Cartan type and any linkable 
pair of verices i < j in its Dykin diagram, the linear map u : Rij ~f Kij , given by 
u{x°' ® z'j'^-\- Jij) = e[x°')z^j, is a Kij-bimodule coalgebra retraction for the inclusion 

Proof. It is clear that the u : Rij — > Kij just defined is a linear map satisfying 
UK = Ixij ■ It is a Kij-himodule map, since in Rij the element [x", Zji] is in Jij for 
every G B. It is a coalgebra map, since {B~^ (g) Kij) © is a coideal in Rij . □ 

Our Theorem 13.11 and the corresponding result for Hochschild cohomology 
are therefore applicable. Since, as an algebra, Rij is generated by the set 
{xi\l < I < 0}, and since the Xii^i) ^^re non-trivial roots of unity, we conclude 
that Der(3(i?y , /c) = and AlgQ{Rij,k) = {e}. Moreover, for the polynomial 
Hopf algebra Kij = k[zji], the convolutian exponential map exp : DeTciKij., k) — > 
AlgQ{Kij , k) is an isomorphism of groups, and the diagram 

DerG(fcy,A:) -^^^ Hl{B,k) 

k\ga{K,,,k) — ^ nl{B,k) 

carries some information. In this generality there is no obvious map relating 
HQ{B,k) to T-lQ{B,k), but the diagram relates the image of Snoch to T-L^Q{B,k). 
More precisely, by the Kunneth formula for the equivariant Hochschild cohomology 
of Nichols algebras, ivaSHoch ^ (Der(i3i,fc) © Der(i3j , fc))G, where Bi and Bj are 
the Nichols algebras of the components of the Dynkin diagram containing the 
vertices i and j, respectively. 

Corollary 3.5. Let i < j be a linkable pair of vertices in a special diagram of 
finite Cartan type. For the derivation d G DeiciKij , k) the Hochschild cocycle 
representing C, — Snochd G HQ{B,k) is given by ({x'^ ® x^) = 5^.S^.d{z2i) and 
el = 5e'^ &n%{B,k) 

Proof. Replacing the pair (1,2) by Lemma 13.11 holds for any linkable pair 

i < j in any special diagram of finite Cartan type. It shows that the Hochschild 
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cocycle ^ — Snoch is of the form specified. Together with arguments, similar to 
those used in Theorem 13.31 it also shows that (Je*^ — ^q- '-' 

3.4. Type Ai x . . . x Ai. The general quantum linear space V — kxi © ... © kxg 
of dimension has G-coaction 5[xi) = gi® Xi and G-action gxi = Xi{9)^ii where 
xf' = e and Xi{9j)Xj{9i) = lior j. 

A vertex i is linkable to at most one other vertex, since the order Ni of qu = 
Xiidi) is supposed to be greater than 2. The vertex set {1,2,..., 9} can therefore 
be decomposed into a set L of linkable pairs of the form i < j and a set of non- 
linkable singletons , and it can be ordered accordingly. A quantum linear space 
is therefore a collection of quantum planes together with a bunch of quantum lines 
with pushout squares 





, Kl - 


Ri 




e 








k - 





for e L and I E L^, respectively. The braided tensor product of all these 

squares represents the Nichols algebra of the quantum linear space. The following 
considerations about such braided tensor products together with the results for 
< 2 will describe the deforming cocycles for all quantum linear spaces. 

If a subset S of {1, 2, . . . , 6*} is such that none of its vertices is linkable to any 
vertex not in S then the complement T has the same property and {1, 2, . . . , 0} = 
S UT. The elements of Ks commute with the elements of Rt and the elements 
of Kt commute with those of Rs- It follows that there is a commutative diagram 
of coalgebras 

K — ^ R — ^ B 

Pk| Pr^ Pb 

Ks At > Rs ® Rt > Bs <E) Bt 

with p = (ps (® pt)^ is an isomorphism with inverse — m{ig (g) z^). The 
projections es — isPs and ct — irPT on K , R and B have the property that 

es * St — P^^P — 1 , ues = esu , uer = eru , u = esu * eru = ues * uct 

and, moreover, since the elments of Ks commute with those of Kt, also er * 
es — es * = lif on K. The latter is of course not true oni? and B, because 
er * es{x'sx\:) — X°'{9^)^s * erix'^x^. With us — Psuis and ut = pruir the 
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R Rs R < Rt < R 

It Pt 



diagram 



K 1 Ks ' K < Kt < K 

It Pt 

commutes. The projections = isTTs and er = ir^^T on R and K satisfy 

esu = ues , stu = uct , eg * ct = Ps^ps = 1 , m = ues * uct = egu * ctu 
and the diagram 

R — ^ K 



PR 



PK 



Rs Rt ^^^^ Ks Kt 
commutes. Moreover, since the elements of Ks and Kt commute, we have eT*es = 
es * bt = Ik on K. This is of course not the case on i? or on i?, because 

er * es{x''x''' z^z''') = x°(5"')es * eT{x''x''' z^z^'). 

Proposition 3.6. Suppose that {1,2,...,^} = 5UT is such that none of the 
vertices of S is linkable to any vertex of T, then u = ug * Ut ■ R ^ K , where 

Us = ues = egw and ut = ubt = gtu and the square 

A\ga{Ks,k)xA\ga{KT,k) nl{Bs,k) x Hl{BT,k) 



Mga[K,k) nl{B,k) 

commutes, where p^{f, /') = (/ ® f')p and p^(o-, cr') = {a ^ a'){l ^ c ^ l){p ^ p) . 
Moreover, is an isomorphism, while is injective. 

Proof. With our assumptions and / e A\gQ{K,k) we have / = /(eg * ct) = 
fes * fcT and/w = fesu * fcTU. Observe that the inverse of p^ is given by 

{p')-Hf) = ifisjtTy. 

p\p'r\f) = if is ® fiT)p = f{es * er) = /, 

while 

{p'r'p'ifsjr) = {{fs<^fT)pis.{fs<^fT)piT) = ifs^e)A,s(^fT)A) = (fsjr). 
since pis = (1 (8i le) A and piT = (t-s 1)A. A similar argument shows that p^ has 
a left inverse xp given by ip{a-) = {(j{is <8> is)-, cr{iT <S) ir))- 
The diagram commutes, because 

d"{p\fs, fT)u) = d\{fs ® fT)pu) ^ d\fsusps * frUTPr) 

= d'-ifsusps) * d\fTUTPT) = {d'-fsUS d"fTUT)pR(^R 
= e\d'fsUs,d'fTUT), 
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where we used d^{ps ^Ps) = Psd"^, d^{pT ®Pt) — Prd^ and pr^r — (1 (8) c® 

p) = (1 (8) C (g) l){ps <S)PT f^PS <S) Pt){^R <S) Ar) = {ps (S)PS <E) PT ® Pt)Ar0R. 

Moreover, 

d'^fu = d\fes* feT)u = d''{fesu* feru) = d^fesu*d''feTU 
= d'fisusps * d^fiTUTPT = {d'fisus (E) d'fiTUT)pR0R 

as well. 

Since ct * es = es * er = lit on K and hence d^fu = fesu * feru = 
d^feru * d^fesu, and since dfu{v <S)v) = d^fsu{v v), it follows that 

dfu = dfesu * dfexu 

as required. □ 

A comparison with Hochschild cohomology can be obtained inductively via a 
generalized 'exponential' map, making use of the isomorphism 

DerG(if,fc) Juo^ Hl{B,k) 



and Proposition 13.61 to get a commutative square 

DerG(if,fc) Hl[B,k) 

cxp Exp 

AigG(if,fc) nl{B,k) 

which says that 

g^ds+d^ = Se''^ * Se''^ = Y^^^si^hochds) * ^^M^hochdr) = ^Mhoch{.ds + dr)) 

by extending the notation naturally. In particular, if / G AlgQ(if, k) and a = 5f 
then 

{fsu{zi) , ii i = j and m + n = Ni 

n\qJs{zjiY , a i> j linkable and m = n 
, otherwise. 

Remark. Observe that Proposition 13.61 holds for any special diagram of finite 
Cartan type, provided that a if-bimodule coalgebra retraction u : R K exists. 
This is because d^{fesu) * d^{feTu) = d^{feTu) * d^{fesu) for / e Algg(if, /c) 
and i < j ii S and T are not linkable. 



20 



L. GRUNENFELDER 



3.5. The connected case. Let P be a special connected datum of finite Cartan 
type with Cartan matrix (fly ). The vector space V — V{'D) can also be viewed 
as a crossed module in 2[/p where Z[I] is the free abelian group on the set 
of simple roots / = {ai, . . . , ag}. The Z[/]-degree of a word x = Xi-^Xi^ ■ ■ ■ 
in the tensor algebra mathcala{V) is defined by deg(a;) = where rij 

is the number of ocurrencies of Xi in x. The Weyl group W C Aut(Z[/]) is 
generated by the automorphisms s; defined by Si{aj) = The root 

system $ = Llf^iW{ai) is the union of the orbits of simple roots in [/], and 

e 

= {a = ^ n,a, G $|n, > 0} 
1=1 

is the set of positive roots. The Hopf algebra A{V), the quotient Hopf algebra 
R{V) = AiV)/iad^-''^^x^{xj)\l < i ^ j < 0) and its Hopf subalgebra K{V) 
generated by {x^\ct & as well as the Nichols algebra B{V) = R{V)/{x^), 

Z [7] 

are all Hopf algebras in ^j/ji^^- In particular, their comultiplications are Z[/]- 
graded. By construction, for a e $+, the root vector Xa is Z[/] -homogeneous of 
Z[/]-degree a, so that 6{xa) — ga®Xa and gXa — Xa{g)xa- For 1 < ^ < p and for 
a — (fli, 02, ... , Up) S write a = Y^^=i o-iPi and 

= ...gl^ eG , x"^ xTxT • . . G G , = xf^x^ . . . x^ £ R{V). 

In particular, for e; = ((Sfci)i<fc<pj where 5ki is the Kronecker symbol, e; = (3i and 
a;*^' = Xffi and x^'^' = a;^ = z; for 1 < Z < p. In this notation 

{x'^lO < aj , < b,} , {x^lO <a^<N} 

form a PBW-basis for R{V), K{V) and B{V), respectively. The height of a = 
"-i"^* G Z[/] is defined to be the integer ht{a) — X]i=i"-i- Observe that if 
a,b,c G and a = b + c then 

5"^ = , = X'x" and ht(b) < ht(a) if c ^ 0. 
By [JS] (Theorem 2.6), the sets 

{z''|0 < b,} , {a;°z''|0 < a, < 7V,0 < bj} , {a;"|0 < a, < N} 
form a basis for K{V), R{V) and i?(V^), respectively. The squares 

K{V) — ^ , Ki^kG i?#fcG 

fc — ^ S(V^) fcG -^±L^ B#fcG 

are pushout squares of braided Hopf algebras and their bosonizations, respectively. 

Moreover, the /C-module isomorphism d : R ^ B K given by 'd{x°'z^) = 
a;" (8) z'', can be used to get a iiT-module retraction m = (e (g) : i?(V^) -f^(l^), 
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u{x°-z^) — e{x'')z^), for the inclusion of k : K{V) R{V). Thus, the conditions 
for the 5-term sequence in Hochschild cohomofogy are satisfied. The connecting 
map 

^hoch 

which is injective since DeiciR, k) — 0, is such that 6hochd{Tr ® tt) = dhoch{du) = 
—dumji, where tt : R{V) B{V) is the canonical projection. The X-module map 
u : R ^ K just defined is not a coalgebra map in general. 

Observe that K = k[za\a € is a polynomial algebra, since by our assump- 
tion — e for 1 < i < 9. The algebra isomorphism p : ©Qg^+i^a — > K, given by 
p{z^l (g) ® . . . (8) z2l) = z^lz^l . . -z^l, induces a commutative diagram 

DcroiK^k) ©„e<^+DcrG(ifa,fc) 

Exp cxp 

A\ga{K,k) x„e$+AlgG(i^„,fc) 

of sets, with pDcr(rf) = (dia), PAig(/) ifia), exp((da)) = (e''°) and Exp{d) = 
p^jgexppDer, where ia '■ — * K and p^'jK ^ are the obvious canonical 
injections and projections. This means more explicitly that 

^Md){zl\zZ ■ ■ ■ ^Z) = ^"''{^ZV^i^Z) ■ ■ ■ 

for d G DerG(is:,fc). 

U K : K ^ R has a iiT-module coalgebra retraction Uoo : R ^ K then Theorem 
12. H is applicable, and the diagram 

DerG(K,ft) Hl{B,k) 

Exp 

AlgG(if,fc) nUB,k) 

connects the relevant part of the Hochschild cohomology Hq{B, k) to the multi- 
plicative cohomology Hq{B, k). 

Proposition 3.7. Let V be a special (connected) diagram of finite Cartan type. 
If K{V) is a K -module coalgebra retract in R(V) then the connecting map 

S:Alga{K,k)~^Hl{B,k) 

is injective. 

Proof. The simple root vectors Xa, where a G is a simple root, generate R 
as an algebra. Moreover, f{xa) — f{9^a) — Xa {9)f{xa) for every g e G and 
every / G AlgG(i?, fc). It follows that AlgQ(i?, fc) — {e}, since = Xa{9a) is a 
non-trivial root of unity for every simple root a G 
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Now suppose that Sf = Sf in nl{B,k) for some /, /' G Alga{K,k). The 
representing cocycles a and a' arc equivalent, so that a' = d^x * ^^X * cr * d^X~^ 
for some x G RegQ(i?, fc). It follows that 

d°f'u * d'^fu * d^fsu = df'u = (tt ® tt) V = (tt ® tt)* (a"x * * ct * d^x~^) 
= d\T:*x)*d\^*x)*dfu*d\^*x-^) 
= a°(7r*x) * d'^{TT*x) * d°fu * d^fu * d^fsu * d\TT*x'^) 
= d%Tr*x) * d^u * d^{TT*x) * d^fu * 9Vsu * d\Tr*x~^) 
= d°{Tr*x * fu) * d'^{-K*x * fu) * d^{fsu * 7r*x"^) 

since the im9° and im9^ commute elementwise. so that 9^(7r*x) *d^fu = (7r*x0 

£®£® /w,)Afi0jj. = {eiSi fu^TT*x'Sie)Aii^ii = 9"/w*9^(7r*x)- This means, again 
using the elementwise commutativity of im 9" and im 9^ , that 

d^{fsu*TT*x~^*f'u) = 9^(/su * 7r*x~^) * 

= a2(7r*x * /w)"^ * d"{TT\ * fu)-^d°fu * aV'w 

= a°(/sM * TT * x'^)d°fud^{fsu * TT*x~^)d^f'u 
= d°{fsu * 7r*x~^ * fu) * d'^ifsu * 7r*x~^ * fu) 

so that fsu * 7r*x~^ * /'« € Alg(5(ii, fc) = {e} and then fu = 7r*x * fu. But then 

/' = fuK = {tT*X * fu)K = fuK * XTTK = X^ * f = ^ * f = f 

as required. □ 
The multiplicative cocycle a representing the cohomology class 5f is given by 

(tt 7r)*cr = dfUoo = d°fUoo * * d^fsUoo = (/Uoo fUoo) * fsUooTUR 

or, cquivalently a = dfuoc{v ® v), where v : B —> R is the obvious linear section 

of the canonical projection t: : R ^ B. 

Conjecture 1. For every special connected diagram of finite Cartan type V the 
braided Hopf subalgebra K is a K-module coalgebra retract in R. 

Here is a recursive procedure to verify the conjecture. Let Bi be the linear span 
in B of all ordered words involving root vectors of height < i only. For i > 1 let 
Bf C Bi be the linear span of all ordered monomials in Bi containing at most j 
distinct root vectors of height i. Then Bj is a subcoalgebra of B. The inclusion 
vj : Bf — > i? is not a coalgebra map, but Bj c Ris a. subcoalgebra under the 
coalgebra striicturc inherited from R (not the tensor product coalgebra structure) . 
This gives a finite filtration Bi C Bj_^-^ C of B and Uj>oSi = B. Observe 

that = Bj-i and Bj = Bi for some j. 

• For Bi let ui = e ^ 1 : Bi ^ K ^ K , which is a coalgebra map. 
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• Suppose a coalgebra retraction uj^-^ = mKifj^i ® 1) ■ ^f+i ® K ^ K 
has been constructed. Extend linearly to Bl^^ by sending to zero 
all PBW-monomials involving more than j distinct root vectors of height 
i + For such a PBW- monomial x € B^^l \ Bj_^_^ find a, z G K such that 
Akz-z(E)1-1®z = {ul_^;^(»ul^-^)Aiivf^lx. Now define (pj^l : Bj^^ K 
by 'f^itlix) = z and (ysl^i^j^^ = ^l+i- Then u^^H = rriKi'piXl ® 1) : 
Bj^i K ^ K is a if-module coalgebra map. 

• Since B is finite dimensional B ^ Bf for some pair Then Uoo = 

= rriKifl ® :R^B®K—^K\s& retraction for the inclusion 
n-.K^R. 

3.6. Type A2. Here we have a crossed /cG-module V — kxi ® kx2 with coaction 
5{xi) = g^®xi and action gxi = Xi{9)xi, where Xi{9i) = 1 and X]{9i)Xt{9]) = 
gygjj = 9"^- If ei2 = xi, 623 = 2:2 and 613 = [612,623] = [a;i,a:2] then 
{er2e?343|0 < m,n,/ < TV}, {6r2e?3e^3|0 < m,n,l} and {zi^zr343|0 < m,n,Z}, 
where = e^, form a basis for B{V), R{V) and i^(V^), respectively. In this nota- 
tion, taken from [ASl] , the comultiplications in the bosonisations are determined 

by 

^i^ij ) — / ^ ^ipj^ip9p9j ® ^pj ^ 



i<p<j 



where en = 1 and 



Kpj 



1 , if i = p or p 



Proposition 3.8. For diagrams of type A2 the Hopf suhalgebra K <Z R is a K- 
bimodule coalgebra retract, with retraction Uqo ^ U2 : R K . 

Proof. It will be necessary to deform the if-bimodule retraction u = (e (E) 1)^ : 
R ^ K somewhat to make it a coalgebra map in this case. Observe that ui = 
e (E) 1 ■ Bi (S) K ^ K is a. if-module coalgebra map. The following arguments show 
that its extension u = e E) 1 : B ® K ^ K is not a coalgebra map. In R^kG we 
get 

^(612613623) = ^ Aipi2 • ■ ■ Aij,„2Algi3 . . . Aig„3A2ri3 • • ■ A2r,3 

l<Pi<2,l<9j<3,2<rfc<3 

eipi5pi2 • ■ ■ eip„(7p„2eigi . . . eig„gq„362,i (7ri3 ■ • • 62^5^,3 

(g)6p^2 ■ • ■ ep^2egi3 . . . 65^36^13 . . . 6r,3 

which contains the term A"23Xi2\523)e5^^"523'' ® ^23"'' only term that may 
make {u E) u)A(65^e"3623) ^ 0. In particular, i{m + n = N = n + l then m = I 
and this term 

A?23x!i\ff23)eM®er3 
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is a non-zero element in (K^kG) ® (K^kG). It follows directly that 

for Q < 7n,n,l < N . In particular, (u (g) u) A(e7^e"3e23) ^ if and only if to + n = 
N — n + I, and then 

(m O M)A(ef2""e^3ef3-") = A5'23Xl2(g23)(^)zi2/l23 «) 223 

while ^(672613623) = 0. The iC-bimodule retraction u : R ^ K defined by 
u{x°'z^) = £{x°')z^ is therefore not a coalgebra map. To remedy this situation, 
observe that 

A(zi3) = Zl3 ® 1 + /Jl3 <^ 213 + (1 - 9"^)^Xl| (523)212^23 ® 223 

and define U2 : ^ — > -f^ by 

«2(er2e?3e!i32) = ^'^r^d - 9-')"-^Xi2(523)(5)"(")2i32 

for z e K. Observe that U2 = to_r-((^2 ® : R^B®K^K®K^K, where 
ip2 ■ B ^ K is given by 

^2(eSer3e!,3) - (1 - 9-')-'"Xi2(.923)(5)-('"^")^er2-*er3+*e^i*), 

with t = min (to, It then follows by construction that Uoo — U2 '■ R ^ K is a 
fsT-bimodule coalgebra retraction ior k : K R. □ 

The connecting map S : AlgQ{K, k) 'H^{B,k) guaranteed by Theorem 12.11 
is injective by Proposition 13.71 since AlgQ(i?, fc) = {e} and since all elements of 
im commute with those of im . The resulting cocycle deformations account 
for aU liftings of S#fcG'. 

Results for type v4„, n > 2, and type B2 are in the pipeline. They will be a 
subject of a forthcoming paper. 
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